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ABSTRACT

The linearized primitive equations for a viscous barotropic fluid in a nonrotating frame are used to investigate

the stability properties and the accuracy of several explicit finite difference approximations. Four different schemes
are described and their qualities examined. For two schemes the exact numerical solution was derived and com-
pared with the true solution of the differential system. Actual computations are performed and the errors in phase
and amplitude evaluated to test the theoretical results.
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1. BASIC EQUATIONS

Because of the increasing application of the primitive
equations for numerically solving problems in meteorology
and oceanography, it seems worth while to examine the
stability properties and accuracy of various versions of
finite difference approximations. As it would be too
laborious to treat the complete set of primitive equations,
a linearized system, in one space variable, for a baro-
tropic atmosphere on a non-rotating earth was employed.
This restriction is not too severe because the essential
features are maintained when the system is extended.

The basic differential equations are the following
0%y
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Physically % should be looked upon as being a velocity
disturbance superimposed on a constant basic flow U,
and p as being proportional to the depth of the fuid.
v is the phase velocity of gravity waves and A the co-
efﬁc:ient of lateral diffusion. v, A are constants>0.
The first term on the right hand side describes the ad-
vection of the quantities © and p due to the basic flow,
the second term defines the local changes which occur due
to the presence of gravity waves, and the third term
illlustrates the dissipation due to friction. Although
it is physically incorrect to apply a viscous term to the
second equation—derived from the mass conservation
law—this has been done to gain symmetry. In this way,
the system (1) can easily be written in characteristic

form by adding and subtracting both equations. We
assume the initial conditions
i,
(utp)=are &, t=0 (2)
and a periodicity condition
w(z,t)=w(z+L,t); p(z,t)=plz+L,1) (3)

instead of boundary conditions. Then the solution of

(1) becomes

—4x2?

(utp)=arze

t ?_zl (x—c1,2t)
e

(4)

where ¢, »=U+vy and a,, are the initial amplitudes
which might be complex. Thus the solutions for % and
p are built up by waves traveling with phase velocities
¢ and ¢ into the positive z-direction. The amplitudes
of these waves decrease exponentially with time due to fric-
tional dissipation. General solutions for given initial
conditions can be obtained by applying Fourier ex-
pansion, Also the solutions of the finite difference
approximation can be represented by Fourier series.
In order to get an overall insight into the accuracy and
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stability of the various finite difference schemes, it is
therefore sufficient to investigate the behavior of the
solutions for different Fourier terms.

2. STABILITY

Each solution of (1) has the property of giving waves,
which decay proportional to exp (—4#2L~2At). In order
to be called numerically stable the solution of a finite
difference approximation to (1) should also consist
of waves whose amplitudes do not grow with time,
Substituting a typical Fourier term

GG
p/ \p

into the finite difference equations, the solution for the
time {=nAtf, where n is the number of time steps, can

be written
PRc) FCESY] ,&(0)
piw Hn= P

2 (0)
(;;(0)> is a constant vector describing the initial ampli-
tude. @ is called the amplification matrix; the elements
of @ depend on ¢, 5, 4, L, Az, and At, where Az is the grid
interval. To get a stable numerical solution as stated
above, G has to be bounded. This leads to the von
Neumann necessary condition for stability, namely, that
the eigenvalues X\, » of G are not allowed to exceed 1 in
absolute value (Lax and Richtmyer [4]). Thus:

M. 2| £1 for all possible L (5)
This condition mostly implies a specific choice of the
parameters Az and Af. In the following, several explicit
finite difference approximations to (1) are to be examined.
Disregarding the friction term that has been approximated
only to first order accuracy, all schemes but the first (the
scheme Ia) possess second-order accuracy. Staggered
grids were used since they allow a better approximation
of space derivatives than the non-staggered grids. In the
difference schemes Ia and Ib, # and p are prescribed at
different grid points and different time levels. The form
of the schemes II and IIT suggested another type of
staggering prescribing « and p at the same grid points but
shifting these points half a grid interval each time step.

3. SCHEME |
The first finite difference approximation to (1) to be

treated has the following form
’I,L;'H— 1) :uj(n) . [Waﬁj(n) o %W262ujgn) ]_V5p§n+1/2) +F52’U/§")
Z)§n+s/z):p§n+1/2>_[W755Jgn+1/2>_%Hﬂang_nﬂ/z)]

_Vau;_n+l)+F62p§n+1/2) (I&)
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Frgure 1.—Arrangement of grid points in the z,t-plane and values

needed to compute u{"*? and p{*+t3/?,

It uses the following grid with respect to z and ¢ (fig. 1):
u—values are prescribed at even j and integer times
p—values are prescribed at odd 5 and half-odd—mteger

times. The principal form of the finite difference approxi-

mation Ta was suggested by C. Leith (personal communi-
cation, 1963) for numerical experiments of the general
circulation of the atmosphere. Note that the advection
terms U(Qu/dx), U(Qp/dr) have bzen approximated
through quadratic interpolation between three grid
points by those terms standing inside the brackets.

This interpolation is not quite complete as will be outlined

later. When starting with known initial values ©©@, p©®,

the above scheme requires an extrapolation in time in
order to get the value p®/®; this can be done by applying

a half time step procedure initially.

In actual computations practically the same results
were obtained with a slightly different scheme in which
Pt and p@ti)y were replaced by p@t? and p®; this
system avolds the initial extrapolation. Both schemes
possess the same stability properties. Substituting a
Fourier term into (Ta) the solution can be written

2m 20
— G’n
plnt P

The eigenvalues of G become-

Me=1—@Ir4+2W242V:) 12— 25 W

+2eVy[1— 4 F4-2W2 V3 —20 W (6)
The necessary condition for numerical stability is that
I\, 2| does not exceed one as was outlined in section 2.

UAt

It =——=W would be zero, the absolute value of A\,

Ax
would be [N |=1—4F2<1 provided 4F4+V?<1. The

same is true if yA#/Azx=V vanishes, then one would

obtain [N )f=(1—4F»)2—4W2t(1—W2—4F) <1 if 2F

+W?2<1. Thus if either U or v is zero, the finite differ-
ence scheme Ia is stable under appropriate conditions
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prescribing a specific relationship between the parame-
ters At and Az. As it is difficult to give a closed expression
for |N;z| with respect to all possible wavelengths if both
W and V are different from zero, we will be satisfied to

evaluate |\, 2| for long waves only, i.e., for v=sin —<< 1
Weassume also that F12<<{1, Vy<{<{1,Wy< <1, and obtain

TAL

IhoP e 1—4 —) QFFVW) )

It is immediately seen that our scheme Ia gives exponen-
tially growing solutions with time if friction is neglected
(F=0) since then |N|>1 for W>0, ie, U>0. If
F#0, stability is only retained if 24>|U}yAt. In order
to satisly this condition A has to be rather large (>>10%
cm.? sec.”!) to allow for a reasonable time step (>>200 sec.)
if, simulating atmospheric conditions, |Uly is in the order
of 10% cm? sec.”®> Practical computations, the results of
which will be discussed in section 6, proved this fact.
There, instability also occurred for nearly all shorter
wave components when the above condition was violated
and was confined mainly to the wave with phase velocity
|Ul+~. Also, for some short waves the wave with phase
velocity |U|—v showed slight instability. An exception
to this is the shortest wave L=2Ax, which is stable when
2F4- W2+ V<1,

A finite difference approximation to (1) that becomes
unstable when friction is omitted or too small is not
acceptable. We shall therefore re-examine our scheme
with the goal of eliminating the unfavorable stability
condition and arrive eventually at a stable scheme
independent of the magnitude of A.

Evidently the terms in the brackets of (Ta) should
represent, the advection of % and p at the corresponding
centered time levels which shall be written Wsz+ and
Wepi"t respectively. Since u at time (n+3) At and p
at time (n--1)At are not given directly by the egrid (see
fig. 1) the fictitious values have been denoted by #%y+?
and P+, Tt can be shown that a stable system accor ding
to (5) is obtained if §%{*T"*—and similarly 8PP —is
approximated by the grid point values %(su{**V4-suj™).
This leads, however, to a partly implicit scheme which is
inconvenient to handle; it shows, on the other hand, that
the shortcomings of the scheme Ia must be due to an
incorrect approximation of the advection terms with
respect to the centered time. To avoid an implicit
scheme and yet arrive at a sufficiently correct approxima-
tion we follow a procedure suggested by I.ax and Wendroff
[5] and expand %{"**® and P+ into Taylor series in
time retaining only those terms which guarantee the
desired accuracy. This leads, for example, to %{*"/»=u{"

Du>‘"’At where ou

ot 2 ot
tion to du /ot in (1) which shall be expressed in the follow-
ing way:

> is a finite difference approxima-



4 MONTHLY WEATHER REVIEW

At [ ou\®
3ot

The second term on the right-hand side is not evaluated
at the correct time level nAt, since p is not defined there,
but this causes only an error of third order in At.

The overall scheme can now be written as follows:

—__% I/Vauj(n)__zl_ V51_7}'“+1/2)+% F52’17}").

1’2](7{-}-1/2) :17](71) . %‘WBU;](") _[%’V&Z_)]OH—]/Z) . %ﬁ'&?ﬁ](n)]

u}n'%l) =u}") _ '[,Va,&j(n%—lﬂ)_vapj(n-l—lﬂ) +F62u](n)

@J(_n'{-l) :f)]('n+1/2) _%Wapj(n+l/2) _[%V&,L_Lj(n+1) __%F62Z_)j(n+1/2)]
pj(n+3/2) :pj('n+1/2) _W&i)](n-i-l) —Véu](-"“) +F62p ](n+]/2) . (Ib)

This scheme has second order accuracy in At and Az
except for the friction terms which have first order
accuracy in At and second order accuracy in Az. Re-
ferring to the z, ¢-diagram (fig. 1), @ and 5"t are
to be defined at the same points where p{"*¥? and u{**"
are given respectively. A very similar scheme was
descrlbed by Richtmyer [11] but its stability condition

was not determined. Another investigation of this
system by A. Kasahara [2] can be found in this issue of
the Monthly Weather Review.

The scheme Ib has been written as a two-step scheme,
where @tV @) HeFh  H®I32) have to be evaluated
successively. This way of representation might be
convenient if the same method is to be adopted for more
complicated systems. We can, however, easily arrive
at & one-step scheme by eliminating % and $ in the second
and fourth equations. In doing so for the second equa-
tion, for example, we obtain:

Weu -+ W 2bu
+ %VW7527)](7L+1/2) — %WF(?S’Z.Z;”)

(1) ey (W)
Uj =U;
‘75p'7('n+1/2) | 1176216](_71) A

Compared with the corresponding expression in the
original scheme, Ia, an additional second order term
VW pt ¥ appears. Both schemes become identical
only if the terms in the brackets in the first and third
equations of (Ib) are omitted. Note that from the
fields w™, p@t'/@ the field 4®*Y can be computed and
then from the fields w®*h p@+1/2 the field p®+3/2,

As it is still very difficult to give a closed expression
of [A| for all wavelengths we shall again confine the
computations to the long wave components. This gives:

7rAx

P~

4
—4 <%z> W [1—11%%@1/%21?)]. (8a)

If I is neglected in the first and third equations, this
yields:
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P of? ~<1 4F"M>

—4(%64 W l:l—(W?+4F) <1 x%)] (8b)

In either case, it is now possible, without restrictive
assumptions, to attain stability at least for long waves.
If we neglect friction (F=0), and then |\, ,| does not
exceed 1 when W24+ VIW <1, thus requiring that

o+ (5L) <1

which is always possible to achieve. Including the friction
will, for proper values of F, even tend to improve the
stability. So far we have no proof, however, that our
scheme is stable or if the stability requirement above is
valid for all wavelengths. Numerical computations of
the eigenvalues for F'=0, performed by Dr. Kasahara,
NCAR, revealed however that the scheme Ib is stable for
all wave components and that the shortest possible wave-
length L==2Az imposes the most restrictive condition for
stability, requiring

UAt) +7At

(For this wave the eigenvalues are identical to (6) with
v=1 and p=0.)*¥ Thus we can state that for vanishing
F the scheme is stable if this condition is met. Including
the friction will probably change the stability requirement

into:
At
AAt (UAt) +'y

Examples of an actual computation with the schemes Ia
and Ib will be given later in section 6.

It should be mentioned, however, that scheme Ib,
modified for a nonstaggered grid in space, with both
1™ and p@®*t™ prescribed at, say, even 7, might not be
stable in the same range. r In this case, applying the same
principles as before, it seems reasonable to transform the
terms in the second equation of (Ib), for example, su
that:

Qb;ni-l):u](n) Véi‘);n+1/2).

— WP + W2t -+ 3V Welpy i/ —

For simplicity, /' has been neglected. Assuming again
»< <1, the eigenvalues for this system become:

Aalf~1— 4(”“ [(W2F VW) (1—W2)] )

and stability for long waves is obtained only if V<{|W|<
1, that is, for supersonic flow. The same result was
derived by Kasahara [2] through numerical computation
of the eigenvalues.

TALN 2 3
*It would seem from an inspection of this equation that the stability condition should read 2(%) +(1—'§t) <1 because this results, as can immediately be verified,

X UAL\? N
in Ael=1-2 (-A_r) <1. But this condition is more limiting than that above.
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4. SCHEME Il (TWO-STEP LAX-WENDROFF SCHEME)

Scheme 11 consists, similar to Ib, of two different steps
and is called according to Richtmyer {12] the two-step
Lax-Wendroff scheme [5]. In its staggered form it is
identical to the one-dimensional version of the scheme
proposed by Phillips [9]. It is also closely related to the
system developed by Knox [3]. The finite difference
equations take the following form,

,u,‘;n-l-l/Z) _u(n) W(S'U/(") Vap(n) _{_%FBQ,TLJ(")
P =T — AW opf — 3V oul +3F5F
u;n+l) =u§n) _Wau](_n+1/2) _Vapj(n-}-l/?) _*_FaZu](n)
pj(n—}-l) zpj(n) _Wap:,(n+l/2) V&u‘"*”"”—}—F&"’ (n) (II

4 and p are given at the same grid points and are arranged
according to the z, {-diagram shown by figure 2

At half numbers of time steps, the grid points have
odd 7, at whole numbers of time steps 7 is even. In the
second step consisting of the two last equations of (II)
the variables on the right-hand side are centered in time
except for the frictional term and are approximated
by the first step in a similar way as in (Ib). In the
second step, the frictional term is not centered in time
to avoid an interpolation between four grid points, as
in the first step.

The exact solution can be obtained quite easily for
this scheme, as u and p are prescribed at the same grid
points. By adding and subtracting the equations for
4 and p one obtains equations in the variables (w4 p).
Applying a Fourier term, the solution after » time steps
becomes:

2mi -27r

2
nAtcy z
(U £ p§P)=g? s01,26 T = |g10] s 26 : 12g L

where
G1,2=1—22F+C3 3)»*—2tuw C; ,(1—2F"?)
g1, 2P =(1—4Fv*)?—4C3 pY1—C} ,—4F»*(1—Fu?)]
27 (91 2)

-7 Atel, g—arctg T (10)

(91 2)

Here the amplification matrix reduces to the amplifica-
tion factor g, ., which is identical to its eigenvalue A, .
Since g1 2|arz=ar e is the amplitude of the numerical
solution which is not allowed to grow with time, a neces-
sary and sufficient condition for stability is that |g;
=\ 2] <1 according to (5). This stability requirement
is fulfilled for each possible L when

AAt

2 280 (U (B) <1 ()

If F=0, i.e., if the natural decay of waves is neglected,
it is seen from (10) that there remains an artificial

Giinter Fischer 5

(n+)at

(n+i/2)at

nat
, X
j=0
Frcure 2.—Arrangement of grid points in the z, -plane and values
needed to compute ud* "' pl TP and 4tV p("“).
damping proportional to Ofy* and 0<1—C%,<1. This

damping affects mainly the shorter waves. To investigate
the influence of this artificial damping on the larger
wave components, we assume »<<(1. Then after n time

__.a,*= %
Is: _(a>
(%)Lzzzn ”Ax>|: 2F<§—2F>+C’ 2(1— ?,2)] (12)

4
This expression holds as long as n (%) <LL1. If we

steps the relative error in the amplitude ¢

again put F=0, then C7.,=1/2 would give the largest
amount of artificial damping for the wave with phase
velocity ¢; .. With this value, a relative error in the
amplitude of 10 percent is reached after 20 time steps for
L/Ax=10, after 320 time steps for L/Az=20, and after
1600 time steps for L/Az=30. Thus the artificial damping
decreases quite rapidly—proportional to (Az/L)*—with
increasing wavelength.

Evidently eithel increasing or decreasing the previously
applied value of €} ,=1/2 would result in a smaller error in
the amplitude for the same number of time steps. To be
able to compare the error at a fixed time rather than after
CLQAt

Ax
is changed by At only and that Az and ¢, , are kept con-
stant. For simplicity the frictional term ¥/ is ignored.

a fixed number of time steps, we assume that C ,=

Canad —~
If, as reference time, f,=At is chosen, where At is the
maximum time step permitted to retain stability according
to (11) (if A=0) and the actual time step is taken as

o~

At=pAt where 0<Cp<1 (1/p is the number of time steps
needed to reach the time ¢y), then the relative error at time
t, becomes:

(%),

z2p0

—[1— 45202 ot (1—p? 02, ) ]2

7rAx

(1—p202) (13)
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where
K P
Cua=222t (it U 20 then 311,

o~
e 1 é_t ) ~2 Aw
J2—1—4T7y (Ax » and A=
Here the largest error is obtained if 5’% 20°=1/3. Further-
more it is seen that for a fixed time (A_a, —0if At—0 and
1,2

Az=constant.
To investigate the phase differences between the nu-
merical and true solution, we again assume »<<{1. Then

<”A“”> (1——012,2——317’)]

and the phase lag Ag= 2L—7rnAt([c|—|c*[) after n time steps

2L1rnAtc, 2~2L nAte, s I:

becomes:

3
%(’%) | C2|(1—C2 ,—3F). (14)

Thus the phase velocity of the numerical solution is smaller
in absolute value than that of the true solution when
(2 ;+3F<1 and depends on the wavelength. Opposite
to the true solution (4), the numerical solution creates dis-
persive waves. If we neglect ¥ and again assume that

S~
only the time step is diminished by At= pAf, we obtain a
o~
phase lag at the time #,=A¢ of

4 <1rAx 3

(Aﬂ)l,zzg T) 10,5l 1—0?C? (15)

Even if the error in the amplitude becomes small for p—0,

i.e., At—0 according to (13), the phase error approaches

its maximum value. If, for example, U >0, then it fol-
~

lows from (11) (with 4=0) thatO (U+7)2 gL It

At/Az is chosen in such a way that |C)|=1/2, 1.e., p=1/2,
-then for L=10Az the relative error in amplitude at {,=At
would be 0.75 percent and the phase lag would be 1.8°.
Diminishing the time step by one half gives p=1/4 and
the errors for the time #, then become 0.41 percent and
2.2°, respectively. Obviously the errors in both ampli-
tude and phase would vanish if C’i,2=C~'f,2=1; but this
condition cannot be satisfied for both waves if U30.

To refine only the time interval may reduce the errors
in amplitude. This leads, however, to increasing errors
in phase. If both # and C;; are different from zero, the
best way to diminish the errors would be to refine both
the time and grid interval such that (Af/A2?)(A--
-\/c{zAx’—l—Az )=const. <1. This expression is derived
from solving (11) with respect to Af. As long as this
relation is met when A¢ and Az are made smaller and

~smaller, the stability requirement is automatically ful-

~ larger for the very long waves.
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filled and the true solution is approached in the limit
At—0, Az—0. It is seen that as long as ¢, 827 >">A42, A¢
and Az should be refined at the same rate, as in the case of
pure hyperbolic systems. When ¢?,A%? becomes smaller
than A2 Af should be made finer and finer proportional
to Ax? as in the case of pure parabolic systems.

We have seen that a wavelength represented by 20
grid intervals can be damped artificially by 10 percent
after 320 time steps. If we, simulating conditions in
numerical weather forecasting, take Az=300 km., ¢;=300
m. sec.”! and O2=Y%, then Af becomes 700 sec. With
L=20A2=6000 km., this wave will be damped artificially
by 10 percent after 2.6 days and will have a phase lag of
33° (F'is assumed to be zero).

It would have been more desirable if this damping were
confined to the very short waves (L<{10Az). One could
perhaps think that applying the second time centered
step of (II) several times, say N times, before returning to
the first step would reduce the artificial damping. If .
N=3, for example, we compute u"/?, p®/® from the first
step and insert these values into the second step to obtain
u®, p®, Now we continue to employ the equations for
the second step also to get the values of w2, p@2 and
@ p® and then go back to the equations for the first
step to evaluate u®?, p®2,  Repeating this procedure
leads to the following errors in amplitude at time t==nAt
(F=0).

For N=3
(%),

For N=5

—[1—16C *(1—C2,5) (1 —2C2 )24

<ég> :1_[1_‘36012'21/4(1— 2)(1 4(71 21/)
a /i ‘

(-t

Whereas the original scheme (N=1) yields, according

to (10):
&),

If we assume C},<1, the schemes with N=3 and N=5
show a smaller damping than the original scheme (N=1)
only for certain short waves, whereas the damping is
Apparently for increasing
N and F=0 there occur more and more places where
(Aa/a)i,2 becomes very small or zero beginning at short
wavelengths, i.e., relatively large values of Cf»?<1 and
extending gradually to longer waves so that for N—w,
(Aa/a)y,»—>0 for all wave numbers. Thus, if N is small,
thereis no improvement from applying this method because
the advantage of getting rid of the short waves—we shall
explain later why this might be desirable—is lost and the
disadvantage of damping the longer waves is maintained.

1 401 2V4(1 02 )]n/Z
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If N-»», which means in practice that except initially
only the two last equations of (II) are used, the scheme
obtained is called the leapfrog scheme; it will be investi-
gated in the next section.

5. SCHEME Il (LEAPFROG SCHEME)

Taking the two last equations of (II) for all times
(n=0, 1/2, 1, 3/2, . . .), except for the starting point
where we apply the first two equations to get the values
at ¢==3At leads to the so-called leapfrog scheme. This
scheme is commonly used in numerical computations
(see Miyakoda [7]).

After a certain number of time steps when the influence
of the initial guess has practically disappeared, the numeri-
cal solution becomes

() ()Y —— 7 E;Tif_ n —2LLinAth,2 %z (16)
(uj +pi) =gt 20, 26 —Igl,zl g, 2€ e

where
g1.0=1—4F*—2iC, v 1— (4F+C3 )
and
_~2_7f € Im(gl. 2).
T Ate, ;==arctg ——Re(gl,z)

The stability condition is fulfilled when

4AAL

+(ol+0(£) st

Then the amplification factor has the absolute value

lg1,2|=1—4F»*<1. (18)
Thus if the natural decay of waves is neglected, it is seen
that the leapfrog scheme contains no artificial damping.

For long waves »< <1 the relative error in the amplitude

becomes
Aa 4 wAz\*
(7)1’2~ —n T) F(1—6F) (19)
and the phase lag is given by
1 3
(A’?)l,zzg("_‘é—x> n|01,2|(1—012,2—12F)- (20)

Compared with the corresponding results of (12) and (14)
for the Lax-Wendroff scheme, the latter has about four
times larger phase errors; also, the errors in the amplitude
are larger.

6. RESULTS OF NUMERICAL COMPUTATIONS

Practical computations were performed with all schemes
described in the previous chapters. In agreement with
2

(2), the intial conditions u(x,0)=cos AL p(z, 0)=0

were applied; i.e., oy=as=1. The periodicity conditions

756-584—65-——2
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K, X, K
(3) were extended to g—;,i O, =g—xuk (L, t), %z—z,: ©, ¥
. .
=% (L, t) (k=0, 1,2, . . .) in order to get also those

values of w and p for <0, 2>L to which the numerical
schemes refer. The exact solution (4) also satisfies
these boundary conditions. %% and p% were computed
from the finite difference scheme and then » 4 p™ was
formed and compared with the corresponding true solu-

—472
27

tion which is simply cos T cote I* Since in the

schemes Ta and Ib « and p are not given at the same grid
points and at the same time, a linear interpolation in
both time and space was applied to get the desired
value p%. Since one goal of this paper is to simulate
conditions in numerical weather prediction, the following
parameters were presumed- Af=4X10%(2X10% sec.,
Az=2X10" cm., U=5X10° cm., sec.”? y=3X10* cm.
sec.”!, A=10° cm? sec.”!, which yields yAt{/Az=V=0.6

(0.3), UAt/ax=W=0.1 (0.05), AAi/Az*=F=0.001
(0.0005). The values in the parentheses refer to the
scheme Ta. The errors at time ¢{=4X10* sec. for dif-

ferent wavelengths are shown in tables 1 and 2.

These results confirm what was derived theoretically be-
fore. They show that for the wave with phase velocity ¢,
the numerical amplitude in scheme Ia is larger than the
true amplitude and also exceeds the initial amplitude a;==

AT\,
1, since |\ in (7) is larger than one (l)\xl“~’1+2-8 (%) >’

for L=4Az (not presented in table 1) also, the wave with
phase velocity ¢, becomes slightly unstable. The scheme
Ib, however, is stable for all wavelengths and contains a

TaBLE 1.—Errors in amplitude (%a)l and phase (An); at {=4X10*
sec. for different wavelengths L.

L=6Az L=10Ax L=20Az L=30Az
Scheme
(ﬂ' ) (An); (ﬂ‘) (An)1 (éil ) (An) ﬁ‘) (An)1
e /1 a /i a /1 e /i
Ta_ ... -2. 60 250° —0.70 60° —0.15 8.4° —0.07 2.8°
0.10 210° 0.03 40° 0. 004 5.5° 0.00 1.6°
0.96 320° 0.36 80° 0.03 10. 6° 0. 005 3.0°
0.00 100° 0.00 22° 0.00 2.6° 0.00 0.75°

TaBLE 2.—Errors in amplitude (AT:l)2 and phase (Ag); at t=4X10*
see. for different wavelengths L.

L=6Az L=10ar L=20Ax L=30Az
Scheme
(%) (M) (M) (ama (M) (an)
a /2 (An)2 a /3| (Ag): a /2 a /2

Ia. 0.70 [ooco - 0.45 22° 0.14 4.4° 0.08 1.2°
0.10 —-3° 0.03 —2° 0.004 |—0.05° 0.00 -=(°
0.91 360° 0.29 85° 0.02 11.0° 0. 004 3.4°
0.00 105° 0.0 22° 0.00 2.7° 0.00 0.8°
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0.8
0.6
04
0.2

Uo(t)

-0.2
-04
-0.6
-0.8

-1.0
4

TIME [10%sec] —

F1aure 3.—Comparison between true and numerical solution u, () for L=10Az.
(dash-dot), scheme II (long dashes), scheme III (short dashes).

small artificial damping which was already predicted by
the eigenvalues (8). The wave with phase velocity e,
has very small errors in phase and possesses a numerical
phase velocity which is larger than the true phase veloc-
ity; this is the only case where |c*|>]¢]. It should be
mentioned that in the schemes Ia and Ib the errors showed
a tendency to oscillate slightly with time. To obtain
significant values, the errors in table 1 were interpolated
linearly in time.

For L=10Az, figure 3 shows the various solutions for
% at £=0 as a function of {. The parameters have the
same values as before. The true solution « is composed
by a superposition of two waves with phase velocities ¢,
and ¢, respectively. Applying our conditions, this gives

—4x2
e L?

At

U, t) =(cos 2m Ut cos 2m 7t>

L L

We have selected in our example a time interval ranging
from t=410* sec. to t=6X10* sec.

The amplification of the scheme Ia is not so obvious in
this example, as the initial value of the amplitude -
$(a;+as)=1 is only exceeded by about 10 percent. In
another computation using a time step of t=4X10? sec.,
as in the other schemes, values of more than double the
initial amplitude appeared in this time interval. The
solution of the Lax-Wendroff scheme is comparatively
poor because the magnitude of the parameters C}=0.49,
C3=0.25 implies relatively large amplitude and phase
errors for the wavelength L=10Az. The leapfrog scheme
IIT gives by far the best approximation to the true solu-

True solution (solid curve), scheme Ia (dotted), scheme Ib

tion, All schemes show, however, rapidly decreasing
errors as the wavelength increases.

7. CONCLUSION

Our results lead to the conclusion that the leapfrog
scheme is the most accurate one of all investigated in this
paper. In nonlinear computations, however, the leap-
frog approximation may develop the so-called nonlinear
instability (Phillips [8]), stemming from the fact that
energy transferred from longer to shorter waves is ac-
cumulated at short wavelengths in the order of L=2Ax.
As the leapfrog scheme contains no artificial damping,
this energy cannot be removed if there is no, or inadequate,
frictional dissipation. As Richtmyer [12] pointed out, the
artificial damping of short waves incorporated in the Lax-
Wendroff scheme will probably prevent the accumulation
of energy at short wavelengths and thus will give stable
solutions also in the nonlinear sense.

Another argument is that in the leapfrog method there
may appear computational modes different from the phys-
ical modes (Platzman [10]). In our linear equations these
computational modes were excluded by a non-centered
approximation of the initially unknown quantities u§/®,
pf@. Numerical integrations of the nonlinear primitive
equations for a barotropic atmosphere performed by Phil-
lips [9] with the leapfrog scheme revealed increasing trunca-
tion errors near boundaries; these errors were probably
connected with the computational modes because they did
not appear in a modified scheme which was essentially the
two-step Lax-Wendroff scheme in two dimensions using
Eliassen’s [1] grid.
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From these experiences it might be advisable to prefer
the Lax-Wendroff scheme I for nonlinear equations. The
smaller accuracy of this scheme can be compensated for
by a refined net. QOur results give some indication of the
time and grid intervals needed to gain a certain accuracy
for a certain wavelength.

On the other hand, however, it is also possible to force
damping of short waves in the leapfrog scheme. This can,
for instance, be accomplished by the common smoothing
techniques, by selective filtering using Phillips’ [8] method,
or by applying appropriate dissipative terms. Referring
to the latter, our “natural” second-order diffusion terms
can be considered as such a means for damping waves.
But corresponding higher order terms could also enforce
damping, particularly of short waves. If, for example,
terms proportional to the finite difference approximation
of 0" u/ox*™ and O*™p/dx®™ (m=1, 2, . . .) were added to
the u-equation and p-equation respectively, then the am-
plification factor (18) would contain an additional term
proportional to »*®, With the proper sign and proper
coefficients, this term implies a damping which is the more
confined to short waves the larger m is. The influence on
the phase lag in (20) would be in the order of (zAx/L)*™tL,
Thus for sufficiently large m, these terms practically do
not affect the longer waves, whereas short waves are
eliminated. For m>>2 this method is more effective in
damping short waves than the Lax-Wendroff method. It
has, however, the disadvantage that the order of the dif-
ference equations and thus the number of computational
boundary conditions are raised.

Second-order linear or mnonlinear diffusion terms,
which are moreover physically justified, have been
applied in practically all cases of numerical weather
predictions using the leapfrog approximation to the
primitive equations and they obviously did prevent the
occurrence of nonlinear instability. Nonlinear diffusion
terms were, for example, employed successfully by
Smagorinsky [13] in his general circulation experiments.
Also the artificial damping in the schemes Ib and IT is
basically produced by diffusion-like second order terms
in the difference system with coefficients equal to 1/202
and 1/2(0%+~% respectively. This can be seen if the
first steps in (Ib) and (II) are substituted into the second
steps.

The difficulties connected with computational modes
in the 1 apfrog scheme which were, as already men-
tioned, observed by Phillips [9] arose at a very special
kind of boundary (near the overlapping boundaries of
the Mercator and stereographic grids). Usually com-
putational modes are suppressed by an appropriate
initial approximation of the dependent variables at time
t=2At (Miyakoda [7]). Thus, in principle, there
seems to be mo hindrance to employing the leapfrog
scheme also for nonlinear equations.

The scheme Ib is the most efficient one because it
tends always to use the latest information and there-
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fore occupies relatively small room in the computer.
(The leapfrog scheme requires about twice as much
storage room.) It also contains artificial damping which
is proportional to W#* and thus depends on the particle
velocity of the flow. Unfortunately it was not possible
to get such an extensive insight into the behavior of this
scheme as in the other cases. In our examples (table 1
and fig. 3) the scheme Ib was more accurate than the
Lax-Wendroff scheme II, but less accurate than the
leapfrog scheme III.

The scheme Ia is not to be recommended because its
stability depends merely on the magnitude of the diffusion
coefficient A and on the time step.

Although our examples are given for-one space variable
only, the principal features are maintained if the grid is
extended to two space variables z and y. In this case,
neglecting the diffusion term, the stability criterion for
the schemes TT and IIT should be changed to (|U|+7)?

AR\? . . .
I:) <1/2 where U is the scalar particle velocity and

As=Ax=Ay, the grid interval. Stability for the scheme
YAy

. _ . UAE\2
Ibis probably retained when 2 <E ++2 As =

The extension of our staggered grid for the schemes
IT and III to two space variables can be done in essen-
tially two different ways using either the already men-
tioned Eliassen [1] grid system, where the dependent
variables are staggered in space too, or the more straight-
forward method proposed by Lilly [6], where all de-
pendent variables are kept at the same grid point in the
z,y-plane. There are also no difficulties in adopting the
grid applied for the scheme Ib to two space variables.
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